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Abstract Consider L a regular Lagrangian, S the canonical semispray, and h 
the horizontal projector of the canonical nonlinear connection. We prove that if 
the Lagrangian is constant along the integral curves of the Euler-Lagrange equa- 
tions then it is constant along the horizontal curves of the canonical nonlinear 
connection. In other words S(L) = implies d^L = 0. If the Lagrangian L is 
homogeneous of order k ^ 1 then L is a conservation law and hence dhL = 0. We 
give an example of nonhomogeneous Lagrangians for which dhL ^ 0. 
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Introduction 

For a Lagrangian L its energy El = C(L) — L is constant along the solution 
curves of the Euler-Lagrange equations. In other words, we can say that the 
energy El is constant along the integral curves of the canonical semispray 
S, and this property can be written as S(El) = 0. For the particular case 
when the Lagrangian L is homogeneous of order k ^ 1, with respect to 
the fibre coordinates, its energy is proportional with the Lagrangian, which 
means that El = (k — 1)L. If this is the case, the horizontal curves of 
the canonical nonlinear connection coincide with the integral curves of the 
canonical semispray. Hence, the Lagrangian is constant along the horizontal 
curves of the canonical nonlinear connection. We can express this property 
as dhL = 0, where h is the horizontal projector that corresponds to the 
canonical nonlinear connection, a similar result has been obtained by J. 
Grifone in |Gri72j and J. Szenthe in |Sze96 . 
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In two papers |Sze93j and [SM93 it is stated that for any Lagrangian L we 
have that d^L = 0, which is not true if L is not homogeneous of order one. For 
nonhomogeneous Lagrangians the integral curves of the canonical semispray 
do not coincide with the horizontal curves of the nonlinear connection. We 
prove that if the Lagrangian is constant along the integral curves of the 
canonical semispray then it is constant also along the horizontal curves of 
the canonical nonlinear connection. In other words we have that S(L) = 
implies dh(L) = 0. In general for nonhomogeneous Lagrangian we have that 
S(L) ^ and d^L ^ and we give examples of such Lagrangians. However, 
we don't know if the converse implication, dhL = implies S(L) = 0, is true. 

1 Geometric structures on tangent bundle 

In this section we introduce the geometric objects we are going to deal with 
in this paper such as: Liouville vector field, tangent structure, semispray 
and nonlinear connection. Since most of them live on the total space of 
the tangent bundle of a differentiable manifold, we briefly recall some basic 
properties of the tangent bundle. 

Let M be a real, n-dimensional manifold_^of C°°-class and denote by 
(TM, 7r, M) its tangent bundle. We denote by TM = TM\0 the tangent bun- 
dle with zero section removed. If (U, <p = is a local chart at p G M from a 
fixed atlas of C^-class, then we denote by (7T" 1 (f/) , $ = (x\ y 1 )) the induced 
local chart at u G vr _1 (p) C TM. The linear map 7r* jU : T U TM — > T T ( U )M, 
induced by the canonical submersion ir, is an epimorphism of linear spaces 
for each u G TM. Therefore, its kernel determines a regular, n-dimensional, 
integrable distribution V : u G TM \— > V U TM := Ker7r* jU C T U TM, which 
is called the vertical distribution. For every u G TM, {d/dy l \ u } is a basis 
of V U TM, where {d/dx l \ u , d/dy l \ u } is the natural basis of T U TM induced 
by a local chart. Denote by J-"(TM) the ring of real- valued functions over 
TM and by X{TM) the J r (TM)-module of vector fields on TM. We also 
consider X V (TM) the jF(TM)-module of vertical vector fields on TM. An 
important vertical vector field is C = y l (d/dy l ), which is called the Liouville 
vector field. 

The mapping J : X(TM) -> X{TM) given by J = {d/dy l )®dx l is called 
the tangent structure and it has the following properties: Ker J = Im J = 
X V (TM); rank J = n and J 2 = 0. The cotangent structure is defined as 
J* = dx l <g> (d/dy l ) and has similar properties. 
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A vector field S G x(TM), which is differentiable of C°°-class on TM and 
only continuous on the null section, is called a semispray, or a second order 
vector field, if JS = C. In local coordinates a semispray can be represented 
as follows: 

S = y l -^--2G\x,y)^-. (1) 

y dx l y 1 dy l y ' 

We refer to the functions G l (x, y) as to the local coefficients of the semispray 
S. 

A nonlinear connection N on TM is an n-dimensional distribution, which 
is also called the horizontal distribution, N : u E TM > N U TM C T U TM 
that is supplementary to the vertical distribution VTM. This means that 
for every u G TM we have the direct decomposition: 

I], I'M = N U TM © V U TM. (2) 

We denote by h and v the horizontal and the vertical projectors that corre- 
spond to the above decomposition and by X h (TM) the J-"(TM)-module of 
horizontal vector fields on TM. For every u — (x,y) G TM we denote by 
S/Sx l \ u = h(d/dx l \ u ). Then {S/Sx l \ u , d/dy l \ u } is a basis of T U TM adapted to 
the decomposition (J2J). With respect to the natural basis {d/dx l \ u , d/dy l \ u } 
of T U TM, the horizontal components of the adapted basis have the expres- 
sion: 
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5x l 



_d_ 

dx % 



u G TM. (3) 



The functions N?j(x, y), defined on domains of induced local charts, are called 
the local coefficients of the nonlinear connection. The dual basis of the 
adapted basis is {dx\ 5y % = dy l + Njdx^}. 

Every semispray S determines a nonlinear connection. The horizontal 
projector that corresponds to this nonlinear connection is given by |Gri72j : 

h(X) = i(Jd - C S J){X) = \{X- [S, JX] + J[S, X}). (4) 

Local coefficients of the induced nonlinear connection are defined on domains 
of induced local charts and they are given by N l - = dG l jdy\ |Cra71j . |Gri72j . 



2 Geometric structures on Lagrange space 

The presence of a regular Lagrangian on the tangent bundle TM determines 
the existence of some geometric structures one can associate to it such as: 
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semispray, nonlinear connection and symplectic structure. 

Consider L n = (M, L) a Lagrange space. This means that L : TM — > R 
is different iable of C°°-class on TM and only continuous on the null section. 
We also assume that L is a regular Lagrangian. In other words, the (0,2)- 
type, symmetric, d-tensor field with components 

1 d 2 L -- 
Qh = - n r- — r has rank n on TM. (5) 
y j 2dy l dy 3 v ; 

The Cartan 1-form 6l of the Lagrange space can be defined as follows: 
9 L = J*(dL) = djL = —dx\ (6) 

For a vector field X = X l (d / dx' L ) + Y l (d/dy l ) on TM, the following formulae 
are true: 

BL 

6 L (X) = dL(JX) = djL(X) = (JX)(L) = —X\ (7) 

The Cartan 2-form u L of the Lagrange space can be defined as follows: 

u L = d9 L = d(J*(dL)) = ddjL = d {^l dx ^j ■ ( 8 ) 

In local coordinates, the Cartan 2-form ujl has the following expression: 

uj l = la^dy 3 A dx % + - ( - rr . - - rr . dx 3 A dx\ (9) 
y 3 y 2 \dy l dx 3 dx l dy 3 J v ' 

We can see from expression JS} that the regularity of the Lagrangian L is 
equivalent with the fact that the Cartan 2-form ujl has rank 2n on TM and 
hence it is a symplectic structure on TM. 

The canonical semispray of the Lagrange space L n is the unique vector 
field S on TM that satisfies the equation 

i s u L = d(L-C{L)). (10) 

The local coefficients G i of the canonical semispray S are given by the fol- 
lowing formula: 

1 „ / 8 2 L h 8L 



G l = -n ik y h - ) . (11) 

4 y \dy k dx hU dx k) 
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Using the canonical semispray S we can associate to a regular Lagrangian 
L a canonical nonlinear connection with the horizontal projector given by 
expression (jlj) and the local coefficients given by expression iVj = dG l /dyK 
The horizontal subbundle NTM that corresponds to the canonical non- 
linear connection is a Lagrangian subbundle of the tangent bundle TTM with 
respect to the symplectic structure u>l- This means that u^hX, hY) = 0, 
VX, Y, e x{TM). In local coordinates this implies the following expression 
for the symplectic structure u>l' 

u L = 2g ij 5y j A dx\ (12) 



3 Basic properties of a Lagrange space 

In this section we determine some basic properties for a Lagrangian L using 
the Cartan forms, canonical semispray and nonlinear connection. If h is 
the horizontal projector of the canonical nonlinear connection of a regular 
Lagrangian we determine a formula for the horizontal differential dhL of 
a regular Lagrangian. From this formula we conclude that there are non 
homogenous Lagrangians for which dhL ^ 0. 

Proposition 1 The following formulae regarding the Cartan 1-form 9l of a 
Lagrange space are true: 

c s e L = iL. 

Proof. First formula ()13|) follows from the following computation: 

<A - US) - (✓ Jf - *?(*,,,)£) = p = C(L). 

If we differentiate first formula (|T3|) we obtain dis&L = dC(L). Using the 
expression of the Lie derivative £5 = dis + tsd we obtain £s@l — ^sdOi = 
dC(L). Using the defining formulae (JHj) for lul and (fTU|) for the canonical 
semispray 5* we obtain CsOl = Ls^L + dC(L) = dL and hence second formula 
(fHl) is true. ■ 

Theorem 2 Consider h the horizontal projector of a Lagrange space. 
We have the following formula for the horizontal differential operator dh'- 

d h L = \dj{S{L)). (14) 
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In local coordinates, formula \1J$ is equivalent with the following expression 
for the horizontal covariant derivative of the Lagrangian L: 



^■■=§ = lw {s{L)) - (15) 



Proof. In order to prove ()14j) we have to show that for every X G x(TM), 
we have that 

(d h L)(X) := dL(hX) = ±(JX)(S(L)). 
Using second formula (fT3|) we obtain 

= (C S L - dL){X) = S9 L (X) - 9 L [S,X] - dL(X) 
= S{{JX){L)) - J[S,X](L) - dL{X) 
= [S, JX]{L) + (JX)(S(L)) - J[S,X](L) - dL{X) 
= {JX){S{L)) - dL{X - [S, JX\ + J[S,X}) 
= (JX)(S(L)) -dL(2hX). 

Consequently, formula (fT4")) is true. 

Due to the linearity of the operators involved in formula ()14|) we have that 
formulae (fT4"j) and (fT3j) are equivalent. However, we give here an independent 
proof that formula (fl"5|) is true. The right hand side of formula (fl"5|) can be 

expressed as follows: 

dx % dy l dx^ ^ y dyi 1 ^ ^ 

, dL dL A 5L 
2 — - —N = 2— = 2Lu. 



dx % dyi % ) 5x 

In the above calculation we did use expression (fTT|) for the local coefficients 
G % of the canonical semispray S. ■ 

Corollary 3 // the Lagrangian L is constant along the solution curves of the 
Euler- Lagrange equations then L is constant along the horizontal curves of 
the canonical nonlinear connection. 
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Proof. It is immediate from (J 14)) that S(L) = implies d^L = 0. ■ 

Proposition 4 Consider a regular Lagrangian L that is homogeneous of or- 
der k, k 1, with respect to y. The horizontal differential of the Lagrangian 
L vanishes, which means that dhL = 0. 

Proof. Using Euler theorem for homogeneous functions we have that the La- 
grangian L is homogeneous of order k if and only if C(L) = (dL/dy l )y l = kL. 
Hence, formula fllOL which defines the canonical semispray of the Lagrangian 
L, can be written as ls^l = (1 — k)dL. This implies that (1 — k)S(L) = 
(1 — k)dL(S) = u>l(S, S) = 0. Using expression (|l"4"j) we obtain dhL = 0. ■ 
Regular Lagrangians that are second order homogeneous with respect to 
y % are encountered in Finsler geometry. For a Finsler space its geodesies 
with the arclength parameterization coincide with the integral curves of the 
canonical semispray, which are horizontal curves with respect to the non- 
linear connection. The property dhL = tells us that the Lagrangian L is 
constant along the horizontal curves of the nonlinear connection and hence 
it is constant along the geodesies of the space. 

Theorem 5 There exist regular Lagrangians L for which dhL ^ 0. 

Proof. Let aij(x) be a Riemannian structure on the base manifold M and tp 
a function on the manifold M that will be determined latter. The function 
L'(x,y) = aij(x)y l yi is a second order homogeneous regular Lagrangian on 
TM. The following function is also a regular Lagrangian: 

L(x,y) = L'(x,y) + ^(x)y\ (17) 

It is a straightforward calculation to check that L' and L = V + ip c have the 
same metric tensor and consequently since L' is a regular Lagrangian so 
is L. One can also check that the Cartan 2-forms of the two Lagrangians 
coincide, which means that uy = u>l. Therefore using expression (fTU|) the 
two Lagrangians have the same semispray S and using (j3J) they have the same 
nonlinear connection with the same horizontal projector h. Local coefficients 
of the canonical semispray S are 2G l (x,y) = Yjk( x )v : 'y k y where Jj k (x) are 
the Christoffel's symbols of the second kind for the Riemannian metric Oy. 
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According to formula (|14j) and Proposition 0] we have 



(d h L)(X) = \{JX){S{L> + ^ c )) = \{JX){S{v c )) 
dx % dxi dx k 13 ) 

where X = X t (d/dx t ) + Y l (d/dy t ) is a vector field on TM. At this moment 
we can choose a function <£> on M such that 

9V (W) 



dx l dxi dx k 

For example we can choose either the function to be linear in x and a 
a non flat Riemannian metric or we can choose the Riemannian metric 
to be flat and ip a nonlinear function. For the first example, the left hand 
side of formula ()19|) is zero, while the right hand side is not. For the second 
example we have that the right hand side of formula (j!9|) is zero, while the 
left hand side is not zero. 

With a function (p and a Riemannian metric that satisfy (fTT?|) . we have 
that for the Lagrangian L defined by (|17|) the horizontal differential is not 
zero, which means that dhL ^ 0. ■ 

We want to mention that for the Lagrangian (fTTj) we have that S(L) = 
if and only if dh{L) = 0. However we don't know if this result is true for an 
arbitrary Lagrangian L. Hence we don't know if the converse of Corollary El 
is true which means that dhL = implies S(L) = 0? 
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